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Abstract
Redundantly actuated Parallel Kinematic Machines (PKMs) offer a number of ad-
vantages compared to classical non-redundant PKMs. Particularly, they show a bet-
ter stiffness thanks to singularity avoidance and they have an improved repeatability
due to a better behavior against backlashes. The main problem with the calibra-
tion of these machines is that the redundancy leads to some mechanical strains in
their structure. This makes it difficult to identify the geometrical errors of their
structure without taking into account the effects of the elastic deformations. The
main originality of this work is to propose an efficient elasto-geometrical and cali-
bration method that allows the identification of both the geometrical and stiffness
parameters of redundantly actuated parallel mechanisms with slender links. The
first part of the paper explains the proposed method through its application on a
simple redundant planar mechanism. The second part deals with its experimental
application to the redundant Scissors Kinematic Machine.
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1 Introduction
Redundantly actuated Parallel Kinematic Machines (PKMs) have recently
attracted interest of researchers because they allow the reduction of some
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drawbacks of classical, non-redundant PKMs [1]. The presence of one or more
redundant actuated chains in the structure allows the avoidance of mechanism
singularities [2] [3] and the reduction of joint backlash effects using a control
on the internal force directions [4] [5] [6]. Those redundant chains can also be
used to perform the autonomous calibration of these mechanisms [7] [8].
Whereas for classical PKMs am insufficient knowledge of the mechanism ge-
ometrical properties, such as link length or joint position/orientation, leads
exclusively to Cartesian position inaccuracies at the Tool Center Point (TCP)
[9], in the case of redundant PKMs, such errors also lead to internal con-
straints. These mechanical strains in the structure can in turn cause early part
wearing and loss of energy in the actuators [5] [10]. These internal constraints
make it difficult, not to say impossible, to identify the errors of the geometri-
cal parameters involved in the control model without taking into account the
resulting structure elastic deformations. The purpose of this paper is to pro-
vide a computation method of the platform situation (position/orientation)
of redundantly actuated PKMs and to show how it can be involved in their
calibration. By using this method, one can improve the calibration quality of
redundant PKMs by carrying out backlash-free measurements while taking
into the effect of the internal constraints used to reduce this backlash.
This paper is organized as follows. First, the proposed methodology that is
used to derive the elasto-geometrical models of parallel mechanisms with one
or more actuated redundant chains is described for planar mechanisms. The
development of the method is then illustrated on the Redundant Triglide, a
simple redundant planar mechanism. Explanations are then given to show how
this modeling method can be easily extended to three dimensional redundant
parallel mechanisms. Then, the calibration strategy that has been used to
perform the geometrical and stiffness parameter identification of the obtained
models is explained. Sensitivity and observability analyses as well as the re-
sults of calibration simulations show the efficiency of the proposed approach.
The last section deals with the experimental application of the method for the
elasto-geometrical modeling and calibration of the redundant Scissors Kine-
matics Machine developed at the Fraunhofer Institute of Machine Tools and
Forming Technology IWU in Chemnitz, Germany.
2 Elasto-Geometrical Modeling of Redundant PKMs
2.1 Method description
The high dynamics of PKMs suppose low moving masses, i.e., slender ele-
ments and light joints [11] [12], which are then subject to elastic deforma-
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tions. For calibration purposes, these elastic deformations that depend on the
PKM configuration [13] have to be calculated in order to be compensated.
For this purpose, an analytical finite-element modeling using beam elements
is proposed to describe redundant PKMs. This approach enables a reduction
in the calculation times as well as the number of parameters in comparison
to a CAD finite-element method with numerous surfacic or volumic elements.
This makes it compatible with calibration issues [14]. However, the calculation
of the platform situation for redundant PKMs cannot be achieved in a similar
manner as for non-redundant PKMs because it involves an over-determined
equation system [15]. The number of loop-closure equations is greater than the
platform’s degree of freedom. Some authors proposed some purely geometrical
methods [16] and some methods based on lumped models [5], [17]. However,
the analytical finite-element method allows a more accurate calculation of the
platform situation because all possible deformation effects are taken into ac-
count [18],[19]. Thus, the final aim of the modeling is to obtain the platform
position/orientation X = (P TφT)T under actuation redundancy.
The modeling method is based on the following steps:
(1) Calculation of the platform position/orientationXnr = (P
T
nrφ
T
nr)
T thanks
to the forward geometrical model (fgm) of a non-redundant substructure
of the redundant mechanism: Xnr = fgm(qnr, ξ), where qnr is the vector
of actuator positions of the non-redundant subsystem and ξ, the vector
of the geometrical and stiffness parameters.
(2) Calculation of the platform displacements induced by the structure elastic
deformations due to its own weight and the applied external forces. This
is done through a forward elastic model (fem)∆Xe = fem(q, ξ,F ), where
q is the vector of all actuator positions and F the wrench including the
external forces acting on the structure and the structure’s own weight.
(3) Calculation of the final platform position/orientation through the re-
sulting forward elasto-geometrical model fegm: X = fegm(q, ξ,F ) =
Xnr +∆Xe.
In order to derive the forward elastic model (fem) involved in step (2), the
following finite-element approach is used:
• Determination of the stiffness matrices of all links and joints of the mecha-
nism within a local frame attached to each link and joint.
• Calculation of all stiffness matrices into the global reference frame of the
structure.
• Mapping and assembly of all the resulting stiffness matrices to derive the
global stiffness matrix of the structure.
• Calculation with the global stiffness matrix of the structure of the displace-
ment of all nodes and in particular of the node that corresponds to the
TCP.
In next section, the proposed method is detailed for redundant planar parallel
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mechanism and then expanded for three dimensional structures.
2.2 Elasto-geometrical modeling of redundant planar mechanisms
In this section the description of the method is presented for planar mecha-
nisms. For this purpose, the values of the geometrical parameters are consid-
ered as nominal, that is to say without any errors. As a result, the position
and orientation of the platform associated frame is identical and can be calcu-
lated with any non-redundant subsystems of the structure. A non-redundant
subsystem is defined here as a part of the mechanism that contains as many
actuated chains as the platform’s degree of freedom and that constitutes a
viable mechanism.
2.2.1 Modeling of the structure links
The slender links of the planar structures are considered as rods that can be
described by planar 2-node beams. For each beam, a local reference frame ℜij
is defined in such a way that its origin is at node i, its x-axis goes through
nodes i and j and its z-axis is the same as the z-axis of the global frame that
is denoted ℜg (Fig. 1). The stiffness of each two-node beam is first expressed
in the beam local reference frame ℜij as [20]:
Kij =


Kaij K
b
ij
T
Kbij K
c
ij

 (1)
with:
Kaij =


ES
L
0 0
0 12EIz
L3
6EIz
L
0 6EIz
L
4EIz
L


, Kbij =


−
ES
L
0 0
0 −12EIz
L3
−
6EIz
L
0 6EIz
L
2EIz
L


, (2)
Kcij =


ES
L
0 0
0 12EIz
L3
−
6EIz
L
0 −6EIz
L
4EIz
L


. (3)
L denotes the element’s length, S its cross-section area, Iz its quadratic mo-
ment along the z-axis and E the Young’s modulus of its material. For a beam
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with two nodes i and j (Fig. 1) this stiffness matrix gives the relationship
between the wrench of external actions Fij = (F
T
i F
T
j )
T (forces and moments)
applied on its nodes and the resulting linear and rotational displacements,
both expressed in the local reference frame ℜij . The wrench of external ac-
tions applied on node i is Fi = (fx,i fy,imz,i)
T, where fx,i and fy,i are the forces
along x and y and mz,i is the moment around z, in the local beam axes. The
displacement vector containing the corresponding displacements along x and
y, and around z is Ui = (dx,i dy,i rz,i)
T. We have then:
Fij = KijUij (4)
with: Uij = (U
T
i U
T
j )
T.
Figure 1. Local wrenches and displacements on an isolated beam.
2.2.2 Modeling of the structure joints
The solution that is used here to describe a structure with joints is to consider
them as beam elements with coincident nodes. The stiffness of a flexible joint
between nodes k and l can be described by the 6× 6 matrix:
Kkl =


Kdkl −K
d
kl
−Kdkl K
d
kl

 (5)
where Kdkl = diag(kx, ky, krz). The parameters kx and ky stand respectively for
the radial stiffness coefficients along x and y-axes. krz is the rotational stiffness
coefficient around the z-axis. For example, a passive revolute joint of axis z
would be described with a beam element with a very small stiffness value for
the rotation around the z-axis (krz ≈ 0) and a high stiffness value along the
other directions. The small and high stiffness coefficients must be chosen so
that they are as far as possible from the other stiffness coefficients and that
the numerical accuracy is still valid. A drawback of this solution, called penalty
method, is that the setting of these stiffness values is difficult because it must
be a compromise between computational instability and results accuracy [21].
Its advantages reside in the ease of implementation and in particular the fact
that its associated matrix is positive definite.
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2.2.3 Mapping and assembly of all stiffness matrices
During this step, the stiffness contributions of all links and joints are integrated
into a global stiffness matrix that describes the whole structure stiffness. For
this purpose, the local stiffness matrices of all the elements have to be ex-
pressed within the global reference frame ℜg by using the following relation:
K
g
ij =
gTij
TKij
gTij. (6)
gTij =


gRij 03
03
gRij

 where gRij is the rotation matrix from the local frame
ℜij to the global frame ℜg and 0m is the m×m null matrix.
If n is the number of nodes used to described the whole structure, the 3n×3n
global stiffness matrix Kg is obtained by the addition of the stiffness contri-
bution of each node [22] and the equation system that needs to be solved to
calculate all nodal displacements is:
KgU g = F g (7)
where: U g = (U g1
T
U
g
2
T
. . . U gn
T)T and F g = (F g1
T
F
g
2
T
. . . F gn
T)T. F gi and U
g
i
correspond to Fi and Ui expressed in ℜg.
It is to be noted that the elastic deformations that are induced by the struc-
ture’s own weight are considered by reporting the weight of each link to its
two associated nodes and then by merging the resulting equivalent efforts to
the vector of external actions F g.
2.2.4 Modeling of links that are connected to the base or the ground
The proposed method requires differenciating between the modeling of the
passive and actuated links that connect the PKM structure to its base or to
the ground.
• For the modeling of the passive links, some boundary conditions must be
defined in order to express the fact that those links are free to move in
some directions and blocked in others. This is done by removing the rows
and columns of the stiffness matrix Kg related to the nodes of those links
where a null displacement condition is imposed. This then leads to the
reduced stiffness matrix Kr, the vectors F r and U r. To illustrate this, one
can consider the structure of Fig. 2 for which the length of the actuated
redundant leg varies thanks to the actuator q3. As one can see, the node 8
that describes the passive joint between the redundant leg and the base can
turn freely around the z-axis but its position is blocked. To relate those
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conditions, the equations associated to the translational displacements of
node 8 along x and y are removed from the equation system (7).
Figure 2. Biglide with an actuated redundant branch.
• In a context of calibration, the modeling of the structure’s actuated links
that are connected to the base or to the ground is done by considering
that the elements related to them are fixed to the base (as for example the
carriers q1 and q2 on the structure of Fig. 2). However those elements can
still be considered as flexible and thus they will be described by using a
1-node beam element. This beam is connected at one end to the structure
through the node and it is at its other end fixed to the base. Its stiffness is
then given by the 3× 3 matrix:
Ki = K
c
ij (8)
where Kcij is the matrix defined by (3) and i the node associated to the
element. Since 1-node beam elements are used in the modeling for the links
connected to the base, no boundary conditions need to be defined, so that
the reduced stiffness matrix is Kr = Kg, F r = F g and U r = U g.
After the application of boundary conditions depending of the type of links
between the base and the mechanism, the equation system that has to be
solved to obtain the nodal displacements of the whole structure is
KrU r = F r. (9)
2.2.5 Calculation of the elastic displacements
Equation system (9) has a unique solution because the matrixKr is symmetric
positive definite. It can be calculated according to the relation U r = Kr−1F r
by inverting the matrix Kr but it can be more efficiently obtained by solving
the system through its singular value decomposition (SVD) [23]. The elastic
translational and rotational displacements of the frame associated to the plat-
form is the part of U r that corresponds to the elastic displacements of the
node t associated to it.
∆Xe = U
r
t (10)
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The final platform position/orientation is then obtained through the elasto-
geometrical model as
X = fgm(qnr, ξ) +∆Xe = fegm(q, ξ,F ), (11)
where F is the wrench of external forces that can possibly be applied on the
structure nodes.
2.3 Illustration of the method with the Redundant Triglide structure
2.3.1 Description of the Redundant Triglide
To illustrate the method that is proposed for the elasto-geometrical modeling
of redundant PKM, it is applied to a simple planar mechanism with an ac-
tuated redundant branch. This planar two-degree-of-freedom mechanism that
will be called Redundant Triglide in the following is described in Fig. 3 with
exaggerated geometrical parameter errors.
Figure 3. Schematic representation of the Redundant Triglide
Its moving platform is considered as a point (TCP). The axes of the three
prismatic joints are assumed to be colinear since they are mounted on the same
guide. The actuators q1 and q2 are considered in the following as part of the
non-redundant subsystem. Therefore, actuator q3 is the redundant actuator.
The loop-closure equation of rod li is:
fi = (x−qi−xbir cos γ+ybir sin γ)
2+(y−qi−xbir sin γ−ybir cos γ)
2
− l2i (12)
where (x y) are the co-ordinates of the TCP and qi the position of actuator
i. The parameters xbir, ybir, li, and γ are described in Fig. 3 and the nominal
values that will be used for simulations are given in Table 1 where the letter
r used in the parameter name indices stands for relative reference frame. The
TCP position of the Redundant Triglide is first calculated through the forward
geometrical modelXnr = fgm(qnr, ξ) with qnr = (q1, q2)
T. It is obtained as the
intersection of the two circles centered on the joint of the carriers q1 and q2
and which radii are l1 and l2 respectively.
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Table 1
Nominal parameter values (mm and deg).
l1 l2 l3 xb1r yb1r xb2r yb2r xb3r yb3r γ
300 300 600 0 100 0 100 0 150 0
2.3.2 Modeling of Triglide links and joints
The model of the Redundant Triglide structure and the numbering of the
corresponding nodes are described in Fig. 4. As it can be viewed as a 2D
mechanism, only planar elements (beams) are involved for its elastic modeling.
A number of 9 nodes is used to describe its structure. The link (for example
between nodes 1 and 2) and the carriers (for example the element linked
to node 3) are represented by one beam element each as explained in Section
2.2.4. These elements are linked together by 5 revolute joints to which stiffness
coefficients are assigned.
Figure 4. Beam-element model of the Triglide mechanism.
The axial rotational rigidity coefficients of all passive revolute joints is con-
sidered to be small enough to have no influence on the deformations of the
Triglide structure. Therefore, the revolute joints are only stressed in the ra-
dial directions and the stiffness of the two joints associated to one link can be
combined into only one stiffness coefficient assigned to one of the two joints.
As a result, the two joints that correspond to the TCP (linking nodes 1 and
4 on one hand and nodes 1 and 7 on the other hand) are modeled as ideal
revolute joints, whereas the revolute joints between the carriers and the rods
have a given radial stiffness.
2.3.3 Mapping and assembly of the link and joint stiffness matrices
In order to perform the assembly of the global stiffness matrix, the local stiff-
ness matrices of all the links and joints have to be calculated within the global
reference frame ℜg. For example, the stiffness matrix of the beam element
between nodes 1 and 2 in ℜg is obtained as follows:
K
g
12 =
gT12
TK12
gT12. (13)
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The 27 × 27 global stiffness matrix of the structure Kg is then obtained by
the mapping of the stiffness contribution of each node.
Kg =


K1 K2
T
K2 K3

 (14)
with:
K1 =


K
ag
12 +K
dg
14 +K
dg
17 K
bg
12
T
03 −K
dg
14
K
bg
12 K
cg
12 +K
dg
23 −K
dg
23 03
03 −K
dg
23 K
dg
23 +K
ag
3 03
−K
dg
14 03 03 K
dg
14 +K
ag
45


;
K2 =


03 03 03 K
bg
45
03 03 03 03
−K
cg
17 03 03 03
03 03 03 03
03 03 03 03


;
K3 =


K
cg
45 +K
dg
56 −K
dg
56 03 03 03
−K
dg
56 K
dg
56 +K
ag
6 03 03 03
03 03 K
dg
17 +K
ag
78 K
bg
78
T
03
03 03 K
bg
78 K
cg
78 +K
dg
89 −K
dg
89
03 03 03 −K
dg
89 K
dg
89


.
K
ag
ij , K
bg
ij , K
cg
ij , and K
dg
ij are the stiffness submatrices for the element between
nodes i and j defined in sections 2.2.1 and 2.2.2 and that are rewritten in the
global reference frame ℜg.
2.3.4 Modeling of the links connected to the base
All links connecting the mechanism structure and its base are actuated. As
explained, they will be considered to be fixed to the base for the calibration.
The three carriers are described by 1-node beam elements which means that
no boundary conditions need to be applied for the definition of Kr.
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2.3.5 Calculation of all nodal displacements
The calculation of the nodal displacements that are gathered in U g is done
by solving equation (7). The TCP displacement due to elastic deformations is
∆Xe =


dx1
dy1

 (15)
where dx1 and dy1 are the displacements of node 1 in x and y-directions respec-
tively, i.e., the first two components of U g. The node rotational displacement
around the z-axis is not considered.
The final TCP position is calculated through the resulting forward elasto-
geometrical model X = fgm(qnr, ξ) +∆Xe.
2.4 Generalization of the proposed method to three-dimensional mechanisms
In this section, the extension of the elasto-geometrical modeling method is
presented for three-dimensional mechanisms. For this purpose, the nodal force
and displacement vectors are modified to consider the six degree-of-freedom
as follows:
Fi = (fx,i fy,i fz,i mx,i my,i mz,i)
T Ui = (dx,i dy,i dz,i rx,i ry,i rz,i)
T (16)
where fz,i is the force along z and mx,i and my,i are the moments around x
and y, in the local beam axis. The displacements are dx,i, dy,i, dz,i, for the local
displacements along x, y and z respectively, and rx,i, ry,i and rz,i, for the local
rotations around these same axes. For the modeling of the structure bodies,
the 12× 12 stiffness matrix that is used to describe a 2-node link between the
nodes i and j is:
Kij =


Kaij K
b
ij
T
Kbij K
c
ij

 (17)
with:
Kaij =


ES
L
0 0 0 0 0
0 12EIz
L3
0 0 0 6EIz
L2
0 0 12EIy
L3
0 −6EIy
L2
0
0 0 0 GJ
L
0 0
0 0 −6EIy
L2
0 4EIy
L
0
0 6EIz
L2
0 0 0 4EIz
L


,
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Kbij =


−
ES
L
0 0 0 0 0
0 −12EIz
L3
0 0 0 −6EIz
L2
0 0 −12EIy
L3
0 6EIy
L2
0
0 0 0 −GJ
L
0 0
0 0 −6EIy
L2
0 2EIy
L
0
0 6EIz
L2
0 0 0 2EIz
L


,
Kcij =


ES
L
0 0 0 0 0
0 12EIz
L3
0 0 0 −6EIz
L2
0 0 12EIy
L3
0−6EIy
L2
0
0 0 0 GJ
L
0 0
0 0 6EIy
L2
0 4EIy
L
0
0 −6EIz
L2
0 0 0 4EIz
L


.
The joint stiffness is described by a matrix Kkl as in (5). The difference with
the modeling of planar mechanisms is that the submatrix Kdkl must be ex-
tended as Kdkl = diag(kx, ky, kz, krx, kry, krz). The parameters kz, krx and kry
stand for the radial stiffness coefficient along z, the rotational stiffness coeffi-
cient around x and the rotational stiffness coefficient around y, respectively.
Finally, to obtain the nodal displacements of the entire structure, the series
of equations (4) to (9) that have been used in the case of planar mechanisms
are applied again with Fi, Ui and Kij as previously described.
3 Elasto-geometrical calibration of redundant PKMs
In the first part of this section the elasto-geometrical modeling method that
has been proposed previously is modified to be used for calibration. This
leads to the error model that will be involved for the identification of both
geometrical and stiffness parameters of the PKM structure. In the second
part of the section, the whole calibration methodology will be illustrated by
using again the Redundant Triglide. In order to evaluate the influence of the
redundancy onto the PKM calibration, the calibration of a non-redundant
sub-structure of the Triglide - that is to say without the redundant branch -
is also considered.
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The calibration method is described in Fig. 5. In this figure ξnom are the
nominal parameters, qset are the actuator set values, ∆X is the vector of
measurement errors obtained by the difference between Xmod and Xmeas, J
∗
is the pseudo-inverse of the Jacobian matrix of the calibration and ξcal is the
vector of calibrated parameters.
Figure 5. Calibration method with use of the forward elasto-geometrical model.
3.1 Error model for the calibration of redundant PKMs
In order to derive the calibration error model, the situation of the PKM plat-
form has to be calculated with both nominal and real parameters, respectively
ξnom and ξ = ξnom+∆ξ. However, the consideration of some geometrical errors
∆ξ leads to the fact that the nodes of some joints involved in the elastic mod-
eling are not coincident anymore and the proposed elasto-geometrical method
has to be modified.
To illustrate this problem with the Redundant Triglide, we first consider that
the position of all actuators is calculated for a given TCP position with the
nominal geometrical parameters. Then, an error ∆l3 is introduced in the length
of the third rod l3. As one can see in Fig. 6, the loop-closure equation cannot
be satisfied anymore or in other words, the joint nodes are not coincident.
As a result, a solution has to be found to calculate the structure’s nodal
displacements for PKM with some geometrical errors with the FE analysis.
Figure 6. Non-coincidence of node joints in case of geometrical errors.
As explained previously, the elastic joints are described by beam elements
whose length is null and for which the stiffness matrix is diagonal. At this
point, two cases have to be considered:
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• If no geometrical error affects the mechanism, the nodes of the joints are
coincident and the distance between them after the application of external
forces will be calculated through the resolution of (7). Figures 7(a) and 7(b)
give an example: the distance between the two nodes after application of a
force fy in the y-direction will be δ = kyfy.
• If some geometrical errors exist, the distance between the two nodes of
some joints is non-null before application of the external forces and they will
behave as beam elements with an initial length δ0. Their node displacements
calculated through the resolution of (7) will not fit with reality. As one can
see in Fig. 8(a), when the nodes are separated by a distance δ0 during the
assembly step, their final distance after calculation of nodal displacements
will be δ′ = δ0 + kyfy (Fig. 8(b)).
(a)At assembly step. (b)After resolu-
tion.
Figure 7. Deformation of flexible joints with initial coincident nodes.
(a)At assembly step. (b)After resolution.
Figure 8. Deformation of flexible joints with non-coincident nodes.
3.1.1 Method of joint internal forces
The proposed solution to solve the problem of non-coincident joints consists
in the following steps:
(1) Calculating the platform position/orientation with the forward geomet-
rical model Xnr = fgm(qnr, ξ) of any non-redundant substructure of the
machine where qnr is the actuator position vector of the non-redundant
subsystem.
(2) Calculating the position of the nodes of the redundant link(s). The nom-
inal geometrical parameters ξnom have to be used for this calculation and
the distance between two nodes of a joint has to be minimal.
(3) Modifying the right hand side of the equation system (7) by merging
into F r the vector of initial external wrenches that have to be applied to
cancel the gap existing between the non-coincident nodes of elastic joints.
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(4) Assembling the stiffness matrix and solving (7) by using the modified
right hand side.
This proposed solution is illustrated with the Triglide (Fig. 9). For step 2, the
position of node 8 is given by:
X8 =


x− (l3 +∆l3) cosα3
y − (l3 +∆l3) sinα3

 (18)
where α3 is the rod angle with the x-axis, calculated with nodes 4 and 9.
For step 3, the joint stiffness is given by (5) and, since the distance δ0 between
the two nodes 8 and 9 is non null (Fig. 9), an internal force proportional to the
distance has to be applied and added to the right-hand side of the equation
system as follows:
F ′89 = F89 +K89


X9 −X8
0
X8 −X9
0


(19)
where Xi is the absolute co-ordinate vector of node i.
Figure 9. Solving the problem of non-coincident joints by considering internal forces.
For step 4, the system (7) is solved to derive all nodal displacements and then
the position of the Triglide’s TCP (Fig. 10).
3.2 Global Jacobian matrix for the calibration
In order to perform the calibration, the local Jacobian matrix Ji that gives
for a configuration i the relationship between the variations of the geometri-
cal/stiffness parameters and the variations of the PKM platform situation is
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Figure 10. Solution of the forward elasto-geometrical model.
calculated as follows:
Ji =


∂Px
∂ξ1
∂Px
∂ξ2
· · ·
∂Px
∂ξp
∂Py
∂ξ1
∂Py
∂ξ2
· · ·
∂Py
∂ξp
· · · · · · · · · · · ·
∂φz
∂ξ1
∂φz
∂ξ2
· · ·
∂φz
∂ξp


. (20)
∂Px
∂ξi
, ∂Py
∂ξi
, · · · , ∂φz
∂ξi
are the partial derivatives of the platform position/orientation
with respect to the parameter ξi, (i = 1, . . . , p) where p is the number of pa-
rameters to be identified. Since the finite-element method that is used to
derive this forward elasto-geometrical model (fegm) requires a numerical so-
lution of the equation system (7), those partial derivatives are calculated as a
finite-difference of (11). Then, the 6m× p global Jacobian matrix J that will
be involved further for the sensitivity and observability analyses is obtained
as the concatenation of the local Jacobian matrices Ji calculated for the m
configurations of measurement.
3.3 Sensitivity and observability analyses
The aim of the sensitivity analysis is to evaluate the platform position / ori-
entation variations as a function of each geometrical/stiffness parameter vari-
ation. The range in which each of those parameters can vary can be set based
on considerations related to the machine part manufacturing and assembly.
Then, in order to compare the effects of parameters having different units and
orders of magnitude, the global Jacobian matrix is normalized [24]. For this
purpose, let us define ∆ξi = ξ
max
i − ξ
nom
i , the variation range of parameter i
where ξmaxi and ξ
nom
i are respectively the maximal and nominal values of the
parameter. The p× p matrix Hs = diag(∆ξ1, ∆ξ2, · · · , ∆ξp) is then built to
normalize J according to Js = JHs. Then, for each measurement configuration
i (i = 1, . . . , m) and for each parameter j (j = 1, . . . , p), let us define:
σPx,i,j = J
s
6×i−5,j σPy,i,j = J
s
6×i−4,j σPz,i,j = J
s
6×i−3,j
σφx,i,j = J
s
6×i−2,j σφy,i,j = J
s
6×i−1,j σφz,i,j = J
s
6×i,j
. (21)
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(σPx,i,j , σPy,i,j , σPz,i,j) and (σφx,i,j , σφy,i,j , σφz,i,j) correspond respectively to the
variations on the platform position and orientation along the x, y and z-
directions for measurement point i as a consequence to a variation δj on pa-
rameter j. This enables defining the two local indexes σPi,j and σφi,j giving
respectively the sensitivity of the platform position and orientation to the
variation of ξj:
σPi,j =
√
σ2Px,i,j + σ
2
Py,i,j
+ σ2Pz,i,j
σφi,j =
√
σ2φx,i,j + σ
2
φy,i,j
+ σ2φz,i,j
(22)
By using the local indexes calculated for PKM configurations uniformly placed
in the workspace, the global sensitivity indexes σPj and σφj are then derived
as follows:
σPj =
m∑
i=1
σPi,j
m
σφj =
m∑
i=1
σφi,j
m
(23)
The study of those two global indexes allows one to select among the geomet-
rical/stiffness parameters ξj those that take priority in being identified. Their
observability is verified through the SVD of global Jacobian matrix Js from
which only the columns of the selected parameters are kept. All details of this
observability analysis are available in [25][26].
Let us illustrate this with the Triglide for which the workspace corresponds to
a movement of the TCP from y = 160 to 390mm since a movement along the
x-axis does not induce any change of the internal state of the mechanism if
the parameter γ is null. In order to calculate the global Jacobian matrix J and
to perform the sensitivity and observability studies, 231 measurement points
are taken over the entire workspace. Figure 11 shows the variation of the TCP
position as a consequence of a variation on each parameter successively, i.e.,
σPj . The ranges of parameter variation are 0.1mm, 1
◦ and 1000N/mm for
the parameters of length, angle, and stiffness, respectively. For the sake of
simplicity the influence of an error of the guide angle γ is not represented.
A variation of 1 ◦ of this parameter, corresponding to the variation range, in-
duces a variation of more than 7mm on the TCP position. This would render
the other variations not visible on the graph. The angle γ is the most influent
parameter for both redundant and non-redundant mechanisms. The influence
of elasticity parameters (kra1 to kra3) on the TCP position is null because the
geometrical parameters are not modified when the study of the influence of
these parameters is carried out. For the parameters belonging to both mech-
anisms, cf. section 2.3, it appears clearly that the parameter variations are
more influent (about 25%). The calibration of the non-redundant PKM will
then tend to be more stable and accurate. This figure illustrates also the fact
that redundant PKMs are more robust to parameter errors.
Concerning the observability studies achieved for both redundant and non-
redundant mechanisms, all influent parameters are identifiable. For the redun-
dant and non-redundant mechanisms, the condition numbers of the Jacobian
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Figure 11. Sensitivity analysis.
matrix are cr = 5845 and cnr = 3160, respectively. The angle parameter γ
can be advantageously determined from a separated calibration process by an
equivalent movement of all actuators in order to improve the observability of
the calibration process. The new condition numbers without the parameter γ
are cr = 773 and cnr = 60. This presumes that the non-redundant mechanism
will be more stable as far as the optimization process is concerned. However,
this result can probably be more attributed to the fact that the number of
parameters is smaller in the second case.
3.4 Identification
The cost-function that is to be minimized during the calibration process is
expressed as a least-squares problem as
f =
m∑
i=1
(
X imeas −X
i
fegm
)T (
X imeas −X
i
fegm
)
, (24)
where X imeas is the measured situation of the platform for the PKM configu-
ration i and X ifegm is the corresponding platform situation calculated through
the elasto-geometrical model with the nominal parameters ξnom.
Simulations were then carried out for the Redundant Triglide. A number of
9 parameters could be included into the identification step: l1, l2, l3, xb1r,
yb1r, xb2r, yb2r, xb3r, yb3r, whereas 6 parameters were identified for the non-
redundant mechanism: l1, l2, xb1r, yb1r, xb2r, yb2r. Identification was done by
using a non-linear optimization, a trust-region reflective Newton algorithm
integrated in the lsqnonlin function from MatlabTM. The simulated measured
TCP positions along the x and y-directions were obtained through the forward
elasto-geometrical model with the real geometrical/stiffness parameters ξ.
Figure 12(a) shows the mean final parameter error for the calibration of both
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mechanisms with respect to the number of measurement points (a Gaussian
noise with a standard deviation of 10µm is added to each measurement point).
As expected, the calibration results for the non-redundant mechanism are bet-
ter than the results obtained with the Redundant Triglide. The mean TCP
positioning accuracy was calculated for a set of 10 points taken within the
workspace. Figure 12(b) shows the resulting Cartesian error for the two iden-
tified models with respect to the number of measurement points. These sim-
ulation results show that the proposed elasto-geometrical method is efficient
and can be involved for the calibration of redundant PKMs with slender links.
(a) (b)
Figure 12. Parameter error and positioning error with respect to the number of
measurement points.
4 Experimental Validation
4.1 Description and elasto-geometrical modeling of the Scissors-Kinematics
machine
The method that has been proposed for the elasto-geometrical modeling of
redundant PKMs has been tested on the Scissors-Kinematics machine devel-
oped at the Fraunhofer Institute for Machine Tools and Forming Technology
IWU in Chemnitz for tool and die machining [27]. As shown in Fig. 13, the
structure of this machine includes a parallel mechanism with a second order
of redundancy that can be considered as planar. The elasto-geometrical mod-
eling method that has been developed so far involves mechanisms with one
redundant branch. However, its application is also suitable for mechanisms
with a higher order of redundancy and, therefore, it has been applied to the
Scissors-Kinematics architecture.
The Scissors-Kinematics redundant parallel structure includes a moving plat-
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Figure 13. The Scissors-Kinematics.
form, four linear actuators along the y-axis and five fixed-length rods (Fig. 14(a)).
The vector of parameters ξ which has been used to derive the elasto-geometrical
models includes (Fig. 14(b)):
• li that is the length of rod i,
• xair, yair that give the relative position of the platform joint Ai within the
platform frame,
• xbir, ybir that give the relative position of the carrier joint Bi in the frame
attached to the carrier i,
• d1, d2 and γ1, γ2 that describe respectively the guide positions and orienta-
tion with respect to the reference frame,
• ki that is the radial stiffness coefficient given for the joint at node Bi and
which represents the stiffness of rod i and both joints linked to it.
In order to give an idea of the machine size, the nominal values of those
parameters are gathered in Table 2.
Table 2
Scissors’ nominal parameter values (mm, deg and kN/mm).
li xair yair xbir ybir di γi k1 . . . k4 k5
950 520 280 310 80 1460 0 500 250
4.2 Elasto-Geometrical Modeling Validation
For several TCP positions along the x-axis a variation was applied on one of
the parameters, the new actuator positions were calculated with this modified
parameter set and all actuators were driven to these positions. The TCP
displacement was then measured along the x- and y-axes with the KGM 182
grid-encoder from Heidenhain, presented in Fig. 15. The grid-encoder is a two-
dimensional contact-free measurement system with a sub-micron measurement
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(a) (b)
Figure 14. Simplified view (a) and geometrical parameters (b) of the Scissors-Kine-
matics
accuracy. The scanning head is mounted directly in the spindle and the plate is
fixed on the machine table. The measurement results are presented in Fig. 16
for a variation of 30µm on parameter l1 and compared to the results obtained
with the elasto-geometrical modeling method.
Figure 15. The KGM 182 grid-encoder from Heidenhain.
Figure 16. Elasto-geometrical modeling validation for parameter l1.
Figure 17 presents the comparison of TCP deviations between the experiments
and the values obtained with the elasto-geometrical model for the validation
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of the elasto-geometrical modeling method. It shows the mean TCP deviation
over a movement along the x-axis when a variation of 30µm is imposed on
all parameters successively (10−5 rad for the parameters γ1 and γ2). It can be
clearly seen that the TCP variation is far smaller than the parameter errors.
The TCP position is barely sensitive to parameter variations.
Figure 17. Deviations on the TCP x position.
The modeled TCP displacements due to variations in the stiffness parame-
ters k1 to k5 cannot be obtained with this method since they only have an
influence in a constrained mechanism. Thus, a sensitivity analysis was car-
ried out with a constrained displacement of −50µm on q1 and +50µm on q4.
A variation of 10 kN/mm was then applied on the stiffness parameters and
the TCP displacement was computed. The mean TCP displacement over the
whole workspace is presented in Fig. 18. The TCP displacements are too small
to be measurable.
Figure 18. Sensitivity analysis for stiffness parameters.
The average deviation between the measured TCP displacements and those
obtained by the elasto-geometrical model for all parameters and over the whole
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x-movement is 14%. As a comparison, the geometrical model has a deviation
of 114% for the parameters of the non-redundant part containing rods 1, 4,
and 5. For the redundant part, it is 100% because these parameters are not
taken into account in the model. The elasto-geometrical modeling is suitable
for reproducing the machine behavior against parameter errors. It can then
be used in a calibration process.
4.3 Elasto-geometrical calibration validation
The calibration of the Scissors-Kinematics was carried out using the grid-
encoder to measure 80 TCP positions over the whole workspace. All drives
were position-controlled during the measurement. The position control on all
actuators could only be achieved by recording the positions of the redundant
actuators beforehand during a force-free workspace mapping. For this calibra-
tion nine parameters were included in the optimization process (γ1, γ2, xa1r,
l3, xa2r, ya1r, l4, ya2r, ya4r). Although the parameters d1 and d2 have the largest
sensitivity, they do not appear in the list of parameters to be identified be-
cause of the column normalization of the Jacobian matrix used during the
optimization process. The stiffness parameters cannot be included into the
calibration process since the influence of a variation in these parameters on
the TCP position cannot be detected by the measuring device. The value of
the excluded parameters remains nominal during the calibration process. The
condition number of the normalized Jacobian matrix is then 280. The calibra-
tion optimization process converges quickly. The optimization criterion before
the first iteration is 1.308mm2; its final value is 0.00365mm2.
The calibration results were then tested by using a force control in the redun-
dant drives in order to reduce the risk of over-constraints in the mechanism.
The mean position difference for the redundant actuators between the results
of the forward geometrical model with the calibrated parameters and the mea-
surements are ∆q2 = 0.873mm and ∆q3 = 0.305mm for actuators 2 and 3,
respectively. The calibrated parameters did not allow for switching to the full
position control because the position difference is too large. The same mea-
surement data were involved in the calibration with a geometrical model. An
average error of 10µm was obtained during a 100mm-radius circular test with
the optimized parameters. The measurement data are then excluded as be-
ing the cause of the discrepancy between the results of the elasto-geometrical
calibration and the real mechanism.
The Scissors-Kinematics is a very stiff mechanism, which is certainly a great
quality, but, as could be seen from the validation test of the elasto-geometrical
modeling method, the influence of parameter errors is measured with difficulty.
Thus, the elasto-geometrical method combined with the intrinsic measurement
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errors may be less adaptable to a great stiffness. Another problem, which is
intrinsic to redundantly actuated PKMs, is that more parameters are needed to
describe the mechanism; the degree of freedom of the end-effector is, however,
constant. This means that the ratio between the degree of sensing and the
number of parameters is smaller. A possible solution for the calibration of
such mechanisms could be the use of extra sensors to augment the degree of
sensing.
5 Conclusion
In this paper a method was developed for the calculation of the TCP Cartesian
position for redundant parallel kinematic mechanisms that takes into account
the mechanism’s own weight, the external forces and the internal constraints
linked to the actuation redundancy. The method uses a partly analytical finite-
element analysis based on beam elements, so that it is quick enough for an
on-line implementation. The method can generally be applied to all kinds
of redundant PKMs with one or more redundant actuators. An example of
application is given for a planar redundant mechanism with one redundant
actuated branch. This method can also be applied for the study of the influence
of machine parameter errors on the TCP, thus it is adapted for the calibration
of such mechanisms. The calibration simulations revealed the complementary
facts that redundant PKMs are more robust to parameter errors and that for
this reason they are more difficult to calibrate than the classical non-redundant
PKMs. This difficulty suggests the development of new calibration methods
for redundant PKMs. For instance, a self-calibration strategy could be used
where the redundant actuators would act as extra measuring systems or extra
sensors could be used on passive joints. The experimental results confirmed
these two facts: the modeling is suitable to represent the influence of parameter
errors and the redundantly actuated mechanisms are more difficult to calibrate
because of the influence of internal constraints.
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